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Abstract
We consider the Hamiltonian of the closed SU(2)
q
invariant chain. We project a
particular class of statistical models belonging to the unitary minimal series. A
particular model corresponds to a particular value of the coupling constant. The
operator content is derived. This class of models has charge-dependent boundary
conditions. In simple cases (Ising, 3-state Potts) corresponding Hamiltonians are






Quantum groups together with the Temperly-Lieb algebra play a particular role
in integrable spin chains [1]. On the other hand, it may be interesting to study
particular Hamiltonians which are invariant to the quantum group [1,2,3,4,5]. The
quantum group invariant Hamiltonian for the closed spin chain was constructed by
Martin [6]. This model was independently investigated in [7] and [8]. It was shown
that the properties of the ground state were such that for special values of the
coupling constant, conformal anomalies of minimal unitary theories were obtained.
In addition, this Hamiltonian implied boundary conditions which depended on the
coupling constant (or quantum group parameter q) and quantum numbers of the
sector. This second property made this Hamiltonian dierent from the XXZ chain
with the toroidal boundary condition where the twist was common to all sectors of a
given Hamiltonian [9,10,11]. In this paper we want to proceed with this investigation
and show that it is possible to project from the closed quantum chain partition
functions of statistical models corresponding to minimal unitary theories. In the
nite-size scaling limit, we obtain the spectra and the operator content of these
theories. For nite chains, the spectra of these models can be related to the starting
quantum chain. Like the original XXZ chain, the projected systems also have sector-
dependent boundary conditions. In our derivation we shall try to exploit the theory
of representations of quantum groups [1,13,14] and the division of all states in \good"
and \bad". Keeping only \good" states will lead us to unitary theories.
2. Statistical systems and the quantum chain
We start with the Hamiltonian for the closed SU(2)
q
invariant chain [5,7]
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i = 1; : : : ; L  1 (7)
and also commutes with the Hamiltonian. We shall be interested in the cases in
which the quantum group parameter is a root of unity:
q
n
= 1 : (8)
We shall rst study the generic irrational case. In this case, one can decompose
the space of states into the direct sum of irreducible representations of the quantum
group which are in one-to-one correspondence with the usual SU(2) representations.
It is therefore sucient to treat the highest weight states. All other states can be
obtained with the action of the S
 
operator. We derived the Bethe Ansatz (BA)







































) is the usual
two-particle phase dened in [7].
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where the numbers n
i
denote the positions of down spins and
 = 2'(Q+ 1) : (12)
This means that quantum invariance implies a non-trivial boundary condition. This
boundary condition has two properties. It depends on the coupling constant
 =    ' (13)
and on the sector dened by the charge Q.

















'(Q+ 1) : (14)
This allows us to determine the eigenvalues of the translation operator G or equiv-
alently of the operator P

































It was also shown in [7] that the nite-size correction to the thermodynamic




















The conformal anomaly c was found to be
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m = 3; 4; : : : : (20)




m = 3; 4; : : : (21)
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We introduce the partition function in some sector Q  0 :
F
Q




















One can also introduce the partition function K
Q
(z; z; L) for the highest-weight
states in the generic case with
K
Q























can also be expresed as
K
Q









This relation can be inverted into
F
Q







(z; z; L) : (27)
The partition function for the particular case (8), when q is a root of unity, can
be obtained by continuity from the generic case. It is known [1] that, in this case,
some representations will mix in higher dimensional representations (\bad" repre-
sentations) which will contain subrepresentations of zero norm. There will however
still exist representations isomorphic to the usual SU(2) representations with a non-
vanishing norm (\good" representations). We can therefore expect that the \good"
sector will lead us to interesting physical models. We therefore need an expression
for the partition function D
Q
(z; z; L) for the highest-weight states from the \good"
sector
z
. This formula was derived by Pasquier and Saleur (relation (2.9) in [1]) in
the context of the open quantum chain. However, their arguments are based purely

























(z; z; L) (28)
where from (8) and (20) it follows that n = m + 1. For later convenience, we
transform this formula into another form. We denote the generating function of
lowest weight states by K
j




(z; z; L) = K
 j
(z; z; L) : (29)
Then (28) can be written as
D
Q










(z; z; L) : (30)
Analogously to (26), we can express K
 jjj
(z; z; L) as
K
 jjj




(z; z; L) : (31)
z
These states can also be characterised (relation (1.19) in [1]) by the condition that they belong
to the kernel of S
+






Using (26) and (31) in (30) we obtain
D
Q















(z; z; L)) : (32)
It is convenient to introduce the notation
G
Q





(z; z; L) : (33)
With this notation, the generating function for the \good" sector can be written as
D
Q
(z; z; L) = G
Q
(z; z; L)  G
Q+1
(z; z; L) : (34)
We shall see that D
Q
(z; z; L) will dene the spectrum of a statistical model with
non-trivial boundary conditions (sector-dependent). The spectrum of this model is
related to the spectrum of our starting quantum chain with the help of (34). The
same relation is true in the nite-size scaling limit. In this case, however, we shall be
able to determine explicit formulae for the operator content of the resulting model.
3. Quantum chain and the XXZ chain with a toroidal bound-
ary condition
Boundary conditions of the quantum chain are sector dependent ((11),(12)). One
can raise the natural question how the spectrum of the quantum chain is related
to the chains with toroidal boundary conditions. As indicated previously, we are
particularly interested in the \good" part of the spectrum of the quantum chain.
It will turn out that the answer to the above question will enable us to use the
results of [10,11] on toroidal models. They will provide us with necessary arguments
to show from the relation (34) the results anticipated at the end of the preceding
section.
We remind the reader of the results for the toroidal case [10,11]. The Hamil-
tonian is dened by












































 2 ( ; ] : (37)






















































The momentum operator is then
P = { lnT : (41)





















































The nite-size scaling limit of this system is described by the c = 1 conformal eld



















(L) the eigenvalues of H and P in the sector
S
z
= Q with a boundary condition dened by  = 2l. Then, following references































































































It was shown [10,11] that it was possible to project theories with c < 1 by choosing





(L). The number j
0
 1 was chosen in such









































































































































They are called R models if M > 0 (R = M) and L models if M < 0 (L =  M).












L models : (54)
Our goal is to evaluate (34) extracted from the quantum chain. By equating (19)
and (21) we obtain the following equation:













Thus, for our purpose, it is sucient to take R = 1 models for which (53) and (55)










and the function F
k
Q




(z; z; L) = F
kn
Q
(z; z; L) (57)
where the integer n is given by
n = m+ 1 : (58)


















(z; z; L) = G
kn
Q
(z; z; L) = G
k
Q
(z; z; L) = G
n k
n Q
(z; z; L) : (60)





















1  k  m ; jQj  minfk   1;m  kg : (62)
The symbols 
r;s
denote the character functions of irreducible representations of the






















in the sector S
z
= Q : (64)
On the other hand, we have seen that the quantum chain has boundary conditions
given by
 = 2'(Q+ 1) = 2
m
m+ 1
(Q+ 1) (mod 2) : (65)
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Comparing (64) with (65), one obtains
k =  (Q+ 1) (mod n) = m Q (mod n) : (66)
The highest-weight states for the quantum chain in the sector of charge Q satisfy
the same BA equations as the toroidal Hamiltonian with the boundary condition
(65). As a consequence, the energy and momenta of the states are simply related
(as follows by comparing (9) with (43), and (16) with (44)) by















(z; z) = D
 (Q+1)
Q






(z; z) : (69)
However, the relation (34) for the quantum chain, after using the symmetry property
G
Q
(z; z) = G
 Q
(z; z) (70)
has the same form as (69). Indeed, we know from [1] that formula (69) for the
toroidal Hamiltonian projects states which are in the kernel of S
+





. However, that was also the case with the relation (34). In fact,
the left sides of these two relations are both \good" highest-weight states with the
same charge and the same boundary condition and satisfy the same BA equations.
Adding the usual assumption that all \good" highest-weight states are given by BA
states, we conclude that the left sides of (34) and (69) are equal. In other words,
D
Q
(z; z; L) = D
m Q
Q
(z; z; L) : (71)
4. Unitary minimal models and the quantum chain






















The right-hand side of (72) has the form of partition functions of physical systems
[15,16] where 
r;s
are denoted character functions of highest-weight representations





Accordingly, the construction (72) gives the partition function of a system which





m = 3; 4; : : : (75)
and the operator content can be read from (72) with the help of formula (63). Owing
to (75) this system belongs to the unitary series.
We present some simple examples.
4..1 m = 3








































= (1=2; 0) + (0; 1=2) : (77)











These functions can be identied with the partition functions for given sectors of




























~q = 0; 1 :











to denote the partition function for the boundary condition dened by
~q and the eigenvalue ( 1)
q



















are not contained in this construction. It would
be interesting to construct a Hamiltonian containing just these sectors. In fact, this








































4..2 m = 4
























= (3=5; 0) + (3=80; 7=16) + (1=10; 3=2) :
4..3 m = 5




































= (3; 0) + (7=5; 2=5) + (2=5; 7=5) + (0; 3) :

























































We introduce the partition functions T
~q
q







q = 0; 1; 2 (86)
and the sector q of the charge operator
M = 
1





























have the same boundary condition and the charge Q, and
the notation +;  distinguishes between two one-dimensional representations of S
3
(see, e.g. [10]). All other partition functions are forbidden in our model. In fact the
















































where N = L=2. As expected, it is again non-local and implies sector-dependent
boundary conditions. We note that by making the replacement M ! M
y
in (89),
and after an obvious adjustment of multiplicative and additive constants, we obtain
the Hamiltonian from [7]. These two Hamiltonians have the same energy spectrum,
but the momenta of opposite sign and thus a dierent operator content.
Thus starting with the closed quantum chain, we have obtained the nite-size
scaling limit of the partition functions for denite statistical systems. The corre-
sponding operator content can be read from the relation (72) given the deformation
parameter q of the original quantum chain. For nite chains, the explicit character
formula is not available. However, in that case, we are still in a position to relate
the spectra of the two theories through the relation (23):
D
Q
(z; z; L) = G
Q
(z; z; L)  G
Q+1
(z; z; L) : (90)
This relation for partition functions implies that the spectrum of our statistical









(z; z; L) (91)
where F
Q
(z; z; L) is the partition function of the original system dened by (24).
For illustration, we present energies of the quantum chain with four sites for
m = 3, n = 4. The construction (90) then gives us energies for the projected
15
Table 1: Scaled energy gaps dened by (22) for the quantum chain with 4 sites,














statistical system. This system was previously identied as the Ising chain with
two sites and with the boundary conditions dependent on the sector and dened in
(81). The set of energies of the projected system is a subset of the set of energies
of the original system and are underlined in table 1. These energies are indeed also
energies of the Ising chain (82), as can be checked numerically. Our numbers are a
subset of numbers in table 3 in [10] for chains with toroidal boundary conditions.
We have to expect this since we have shown that the spectrum of the quantum chain
is contained in the union of spectra of toroidal Hamiltonians.
In table 2 we have illustrated some features for the m = 5, n = 6 case of the
3-state Potts model with two sites and sector-dependent boundary conditions.We
remark that in both cases the allowed boundary conditions are those permitted by







We shall consider this point elsewhere.
5. Conclusion












Table 2: Scaled energy gaps dened by (22) for the quantum chain with 4 sites,
m = 5, n = 6. The levels which are underlined correspond to the 3-state Potts













The Hamiltonian also has the property that it implies sector-dependent boundary
conditions. We have shown that from the partition function of this theory we can
construct partition functions of well-dened statistical systems. In particular, the
spectra of these are subsets of the spectrum of the quantum chain and can be
obtained using (34). These formulae have been obtained using the theory of repre-
sentations of quantum groups and keeping the \good" states and omitting the \bad"
states.
We have shown how our construction is related to the well-known projection
mechanism of statistical models from Hamiltonians with toroidal boundary condi-
tions.
Finally, using this relation we have been able to obtain partition functions in
the nite-size scaling limit. This has enabled us to nd the operator content of the
systems constructed from the quantum chain. These systems belong to the family of
unitary minimal models. These properties have been illustrated in a few particular
cases (m = 3; 4; 5).
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